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ABSTRACT
a pseudo-bond graph is presented to model the heat transferred from the fuel 
rods to the coolant via its cladding in a generic nuclear reactor case study. 
simulations performed using this model are used to explore the temperatures 
of the core components under ordinary and emergency scenarios, considering 
various conditions of coolant supply and reactor power output. the model is 
combined with a timed stochastic Petri net to produce a hybrid model, in 
which the reactor operation and fault status is determined by the Petri net and 
fed into the bond graph to examine the resulting impact on core tempera-
tures, which in turn are fed back into the Petri net process. the results predict 
the distribution of the reactor operational durations before a disruption occurs. 
the model provides the temperature profiles attained by the cladding and fuel 
components, indicating a low probability of dangerous temperatures.

ARTICLE HISTORY Received 26 april 2023; Revised 21 May 2024; accepted 30 May 2024

KEYWORDS hybrid petri net-bond graph modelling; nuclear power plant safety; risk & 
reliability engineering

1.  Introduction

it is expected that many of the existing nuclear reactors will be operated 
beyond their initially intended design life in order to meet future energy 
requirements and carbon targets. an ambition for future reactors is to 
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achieve substantially improved operating lifetimes. to achieve this careful 
consideration must be given to their long-term asset management 
approach, and how the adopted asset management strategy will impact 
the plant risk and reliability. care must be taken to capture the nuances 
of specific maintenance strategies. since the longer operating lives imply 
that components are more likely to experience wear-out, the ability to 
model increasing failure rates is also essential.

since their inception, fault trees and event trees have been the standard 
tools used to assess reactor risks. Fault tree analysis emerged in the early 
1960s through the work of Watson (1961) at Bell laboratories. the goal 
of fault tree analysis is to express the causality of a hazardous system 
failure and quantify its probability and rate of occurrence which can be 
achieved by qualitative methods, such as kinetic tree theory (Vesely 1970). 
the first documented use of event trees is seen in the Wash 1400 report 
(Rasmussen 1975), produced in 1975 by a team led by Rasmussen devel-
oping nuclear plant risk assessment methodologies at the U.s. Nuclear 
Regulatory commission (UsNRc). an event tree starts with one initiating 
event on the left of the structure and charts rightwards all possible branch-
ing pathways produced by the events that follow (such as the success or 
failure of containment actions), inductively reaching various potential 
outcome states.

Both fault trees and event trees are well developed mature method-
ologies. as well as being used independently, the two have been used 
in conjunction (Xu & Dugan 2004), or augmented by binary decision 
diagrams (andrews & Dunnett 2000). however, neither is suitable for this 
work. their chief limitation is the need to assume independence between 
basic events and, in general, commercial implementations do not allow 
the use of non-constant failure rates, such as would be necessary to 
model ageing processes or component infant mortality. For the same 
reason, repair times cannot be appropriately represented, due to the 
compulsion to use exponential time distributions for processes which 
are certainly not random. in addition, the behaviour of complex main-
tenance, repair, and operational processes are not achievable with these 
methodologies. the Petri net approach offers an alternative methodology 
capable of capturing these features. such a method enables the quality 
of safety assessments of nuclear power plants to be improved, in the 
light of the aim to achieve extended installation lifetimes. By contrast, 
modelling methodologies rooted in fault trees, event trees, and binary 
decision diagrams are not able to adequately describe progress through 
arbitrarily complex multistage processes with parallel tracks and intra-
system interdependencies. the suitability of Petri nets for modelling a 
wide range of problems is noted in a review of the methodology in the 
context of nuclear power plants by Jyotish et  al. (Jyotish et  al., 2022), 
although they also highlight the associated drawback of the resulting 
large state space, and thus, the computational expense of calculating a 
Petri net’s reachability graph.
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this paper employs generalised stochastic Petri nets (Balbo 2007; Petri 
1962; schneeweiss 2004) with atomic firing for the modelling of its reactor 
component status – a methodology which is capable of the inclusion of 
arbitrarily detailed dynamic behaviour. the Petri net model, constructed 
to simulate the development of faults and the operational procedures of 
both routine maintenance and the response to emergency scenarios, is 
coupled with a simulation of the reactor core thermodynamics, achieved 
through the methodology of bond graphs (Paynter, 1961).

literature providing examples of the use of Petri nets (aldemir 2013; 
Kachur & shakhova 2016; Kumar et  al., 2019; lee & seong 2004; Németh 
et  al., 2009; Ponciroli et  al., 2016; singh et  al., 2017; singh & Rajput, 2016) 
and bond graphs (Badoud et  al., 2009; Bentaleb et  al., 2018; sosnovsky & 
Forget, 2013, 2014; Zhou et  al., 2022) individually in a civil nuclear energy 
context is available, and, in more general contexts, previous work inte-
grating Petri nets and bond graphs have shown the capability of their 
combined use (allard et  al., 1995; allard et  al., 1993; Borutzky et  al., 1995; 
Bouhalouane et  al., 2015, 2020; ekanayake et  al., 2019; Michel et  al. 1993; 
Mokhtar & hafid 2012; Wootton et  al., 2019; Zanzouri & tagina 2002). the 
most common means of unifying the methodologies seen is to tie the 
marking of the Petri net to switches within the bond graph, which add 
or remove connections (allard et  al., 1995; Bouhalouane et  al., 2015, 2020; 
Michel et  al., 1993; Mokhtar & hafid 2012), but the use of independent 
models for verification purposes can also be found, such as the use of 
continuous Petri nets to confirm the output of a fluid processing system 
modelled by a bond graph (Pettersson & lennartson, 1995). the use of 
Petri nets typically focuses on the procedural sequence of a system, but 
the work presented in this paper also contains extensive representation 
of the failure modes of the system that can occur during its continuous 
operation. Furthermore, the Petri nets in this work interact with the bond 
graph section of the model in a different way. Rather than acting as on-off 
switches as in the previous examples, the parameters of the components 
of the bond graph change dynamically with respect to the conditions 
represented by the Petri net. similar modelling (Ponciroli et  al., 2016) has 
been has been performed with a Petri net, where the bond graph capa-
bility is implemented in Modelica1. While the models in this work are also 
implemented in Modelica, they are constructed in the formalism of bond 
graphs, and the hybridisation features two way communication, with the 
conditions resulting in the bond graph also able to trigger events in the 
Petri net. this is the principle purpose of this work; to demonstrate in a 
novel way the specific use of a Petri net failure model to drive the inputs 
to a thermal model expressed according to bond graph formalism which 
represents those same components and responds appropriately to their 
status, as well as likewise having a mechanism to change the state of the 
Petri net in turn. this provides an important advantage that neither 
achieves alone. in a Petri net model, the consequences of a failure mode 
must be understood, assumed, or explicitly known from historic cases, but 
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coupled with a bond graph, they are translated directly into physical 
consequences. as the Petri net stochastically samples the failure state 
space, the spectrum of outcomes derived will reflect this in a way that 
performing predetermined test cases with the bond graph by itself will 
not. characterising the range of physical outcomes is of particular interest 
in the context of a nuclear reactor as the primary threat posed by the 
system is deeply tied to the potential for runaway production of heat 
outstripping its capacity to extract thermal energy by coolant 
circulation.

although the focus of this work is the nuclear context, this methodology 
could be adapted for any case where there is an interest in mapping 
system failure states to physical outcomes. this would only require a 
suitable Petri net to be constructed for the operational states and failure 
modes of that system and similarly that a bond graph be developed to 
model the energy domains of critical importance. For example, it may be 
useful to simulate electrical current, fluid mass transfer, or physical oscil-
lations, etc. or any combination of these domains and others. in the case 
of additional complexity where transfer within multiple domains is coupled, 
the methodology can be further generalised by the multi-bond extension, 
such as in the work of Vasilyev et  al. (Vasilyev et  al., 2017), which uses 
the MultiBondlib package (Zimmer & cellier 2006) to track in concert the 
propagation of temperature, enthalpy, mass, and pressure in a gas-
eous system.

2.  Reactor case study

the example system used in the case study, shown in Figure 1, is a nuclear 
reactor with modern features that are typical of a modern reactor design 
with an emphasis on passive safety. the design does not correspond to 
a specific power plant type, but serves for the purposes of the method-
ological illustration presented in this work. During normal operation, nat-
ural circulation of light water occurs between the core and four steam 
separators to provide reactor cooling. steam is extracted at the separators 
and is used to drive a turbine to produce electricity. the coolant is returned 
to liquid form in the condenser, after which it is pumped back to the 
steam separators using three feed pumps. For successful operation only 
two of the three pumps are required to function, with the third being on 
stand-by, ready to provide a replacement in the event of failure of one 
the others. the usage of the pumps is cycled periodically to allow main-
tenance to be performed on the inactive pump. the cycling of the pumps 
also results in even wear of each unit. Maintenance and repair actions for 
all other components are performed when the reactor is offline.

at full power, the reactor produces 9.2 × 108 W of heat, with 2000 kg⋅s–1 
of coolant flowing through the core, entering at 530 K. there are 450 
coolant channels, each containing a Zircalloy-2 (Zr-2) cladded uranium 
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dioxide (UO2) fuel rod, enclosed within calandrias filled with insulating 
carbon dioxide and separated from one another by the heavy water mod-
erate fluid.

the reactor shutdown process begins by inserting the shutdown rods 
and by closing the turbine isolation valve, thereby directing coolant into 
the shutdown condensers instead of the to turbine. the eight shutdown 
condensers are arranged in pairs and reside in a large overhead pool of 
water which is used as a heat sink. Following the closure of the isolation 
valve, pressure builds in the shutdown condensers, thereby causing air 
operated valves (aOV) to open and allow the throughput of coolant. each 
pair of shutdown condensers shares two aOVs, installed in parallel, such 
that the opening of either by itself is sufficient for circulation. Once online, 
at least half of the total shutdown condensation capacity is adequate, 
with anything less than that constituting a major failure, as does a fault 
in the overhead pool. the process of shutdown condensation lasts 40 days, 
during which, residual core decay heat is extracted, starting at 6% of full 
reactor thermal power and falling exponentially thereon, such that after 
one hour, 1.5% of full output is being emitted.

if a fault occurs in the pumps, turbine, condenser, or the pipes that 
feed them, the situation may be contained by ordinary shutdown. however, 
a break inducing coolant pressure loss between the core and the isolation 
valve will require emergency injection. this occurs first from four high 
pressure accumulators, operating for a period of 2.5 hours, before then 
transitioning to low pressure injection wherein water from the overhead 
pool submerges the reactor over a three-day period. the coolant delivered 
via high pressure injection from each accumulator relies on the successful 

Figure 1. Schematic overview of the case study reactor used in this work.
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opening of an aOV followed by a rupture disc. it is possible that the latter 
only partially opens, in which case, its accumulator is treated by the model 
as supplying half of its load. in total, at least half of the combined capacity 
of the accumulators is required to successfully deliver high pressure injec-
tion. the contribution of an accumulator may also be rendered unavailable 
if it spuriously activates before demand. to commence the low pressure 
injection phase, both a non-return valve and a rupture disc must open 
to allow flow from the overhead pool. if this rupture disc only partially 
opens, the flow contribution is halved and the injection period doubled.

the preferred method to shutdown the reactor is to use its 40 shutdown 
rods (sDs-1), but if more than two of these fail to properly insert, a boric 
acid (h3BO3) neutron poison is instead deployed (sDs-2). this entails the 
injection of the poison into the moderator fluid using a reservoir of pres-
surised helium, following which there is a substantial clean-up cost. the 
additional failure of sDs-2, constitutes a complete failure to shutdown the 
reactor.

if one steam separator circuit or one pressure accumulator fails, reactor 
shutdown is scheduled for six months from the time of the fault appearing. 
should a second fail in that period, the reactor immediately transitions 
to shutdown. if a break emerges in sDs-2’s helium or boric acid supplies, 
immediate shutdown is required. an unplanned shutdown will occur if 
either turbine isolation valve spuriously closes, or if either of the boric 
acid or helium release valves spuriously opens.

there are a number of features of the reactor system that would not 
be captured well in a safety assessment based on some combination of 
fault trees, event trees, and binary decision diagrams. this is particularly 
true of the cycle of maintenance actions in the feed pumps with its stag-
gered replacement of units, conditional on the availability of redundancy, 
as well as the mechanism for determining overall failure in relation to the 
number of pumps active, on standby, or being replaced at a given moment. 
it would also be a challenge to model in an elegant or practical way via 
the traditional methodologies such sections of the system where many 
components of the same type work in parallel, requiring that some fraction 
of their collective capacity be supplied, given the number of branching 
paths necessitated. in the most extreme case, one would have to have to 
account for every possible individual expression of failure mode of each 
of the full set of 40 shutdown rods in sDs-1.

3.  Methodology

3.1.  Petri nets

3.1.1.  Overview
stochastic Petri nets are used to model the occurrence of component 
failures on the plant systems, i.e. the appearance of failures, and for then 
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representing the functionality of the plant during both normal and emer-
gency circumstances. the dynamics of the system being modelled are 
captured in the structure of the Petri net where the system state at any 
moment is given by its marking.

a Petri net is a bipartite graph, of place and transition objects, with 
linkages known as arcs and markings provided by tokens, see Figure 2. 
the role of a place is to store tokens and the role of a transition is to 
change the allocation of tokens residing in the places. a place is repre-
sented by a circle, within which tokens are drawn as black dots. the tokens 
can be used to denote any sort of information, such as: the condition of 
a component, the availability of resources (such as spares or maintenance 
engineers), or the state of the plant (such as a phase of operation).

transitions, represented by squares, perform the task of updating place 
marking by adding and removing tokens. these can represent the failure 
or repair of a component or a change in the state of an operation. to 
cause these dynamic changes in the Petri net, one transition is selected 
to fire at each step of the simulation. Arcs are used to establish the con-
nections between the places and the transitions. the arcs appear as arrows, 
whose direction links the input places to the transition or the transition 
to the output places. the input places indicate the state of the system 
prior to the transition occurring. the output places define the system 
status following the transition. the arcs therefore indicate whether the 
transition will take or give tokens. the number of tokens a place gains or 
loses after a transition is determined by the multiplicity of the connecting 
arc, known as its weight. the default weight is one, and if any other value 
is taken, it is indicated adjacent to the arc. the occurrence of a transition 
is known as its firing. Prior to firing, the conditions must exist for this to 
be possible. When this state is achieved the transition is said to be enabled. 
the incoming arcs of a transition determine whether it is enabled. For a 
transition to be enabled, the input place for each of its incoming arcs 
must hold at least as many tokens as the weight of arc linking it to the 
transition. Once enabled, the transition may fire immediately (instant tran-
sitions are grey), or after a delay determined by the parameterisation of 

Figure 2.  a key to objects used in depictions of Petri nets in this work.
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the transition (timed transitions are white), discussed in more detail in 
section 3.1.3. the process of transition firing is illustrated in Figure 3(a–c), 
where each place is labelled with a ‘P’ and the transition is indicated  
with a ‘t’. Firing removes the associated arc multiplicity of tokens from 
each of the input places and deposits the associated arc multiplicity of 
tokens on each of the outputs places if a transition and place are con-
nected by an incoming arc and an outgoing arc of equal weight, the arc 
is drawn as a single double headed arrow. the pair is collectively named 
a test arc and an example is seen connecting P3 and t1 in (a), (b), and (c) 
of Figure 3.

in addition to enabling a transition it is also possible to suppress a 
transition. suppression is achieved by an inhibit arc. as seen in Figure 
3(d), an inhibit arc is drawn as a red dotted line and connects a single 
place to a transition, the arc has a circular head (rather than an arrow). 
When the number of tokens on a place is at least equal to the arc weight 
is satisfied, it prevents the firing of the connecting transition. Other useful 
features that can be exploited in Petri nets include the place conditional 
arc, and the voting transition, seen in Figures 3(e, f ) respectively. a place 
conditional arc also features a circular head, but is given a blue dashed 
line. its role is to alter the firing delay distribution of a timed transition, 
depending on the state of its input place (see section 3.1.2). a voting 
transition functions similarly to an ordinary transition in all respects except 
its conditions to fire. instead of requiring that all arcs weights are satisfied, 
a voting transition requires only that a threshold number arcs satisfy the 
requirement. the threshold is given by a number written in a black circle 
(e.g. ❷) below the label of the transition. Regardless of the extent to 
which the threshold is passed, a voting arc behaves normally with respect 
to all of its satisfied arcs in relation to token removal. Places from all 
unsatisfied arcs are ignored. Voting transitions and their incoming arcs 
are distinguished by dashed edges. the behaviour of outgoing arcs is as 
for a normal transition, as indicated by the solid arc representation. test 
arcs connected to a voting transition default to the dashed line appearance.

3.1.2.  Firing delay distributions
there are many options available to determine the firing delay distribution 
for timed transitions. the simplest of these is the fixed delay, where the 
transition is scheduled to fire after a set duration, a, when enabled. a 
transition can also have a uniform distribution, which schedules a firing 
time up to a value, u, such that its probability density function f t u( ; ) is 
given by:

 f t u u
t u

( ; )
( , ]

,�
��

�
�

��

1
0

0

for

otherwise

 (1)
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where t is the delay from the enabling of the transition to its firing. 
a pair of transitions with a fixed delay and a uniform distribution, is 
useful for creating branching pathways in the Petri net, using 

Figure 3. an illustration of Petri net transition firing is given in (a) to (c) and exam-
ples of the extended Petri net objects used in this work are given in (d) to (f ).
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arbitrarily small values of a and u of a ratio such as to produce a 
given probability.

a cyclic distribution is given parameterised by two variables c and ω. 
Upon being enabled, the transition is scheduled to fire when the simula-
tion clock next reaches a non-zero integer multiple of c, offset by the 
value of ω. For example, two transitions both required to fire once an 
hour, but thirty minutes apart, would be parameterised with c = 1, ω = 0, 
and c = 1, ω = 0.5.

the Weibull Distribution (Jiang & Murthy, 2011; Papoulis & Pillai, 2002) 
is well suited to modelling component failure rates and is widely used in 
reliability engineering for this reason. the form used in this work has two 
parameters, η, which characterises the time at which approximately two 
thirds of such components are expected to fail, and β, which specifies 
whether the component experiences infant mortality, i.e. high probability 
of early failure given by β <1, or ageing, i.e. increasing likelihood of failure 
as time passes given by β >1. For β = 1, a constant rate of failure is achieved, 
equivalent to an exponential distribution of failure times. the probability 
density function of the Weibull distribution, f t( ; , )η β  is given by:

 f t
t t

( ; , ) .η β
β
η η η

β β

=








 −























−1

exp  (2)

Repair times are sometimes modelled with the log-normal distribution, 
which returns a value whose logarithm is normally distributed (Dennis & 
Patil 1987). this is produced by applying the exponential function to a 
normally distribution random variable (clarke & cooke, 1978), whose mean 
and standard deviation are given by μ and σ. consequently, the resulting 
probability density function, f t( ; , )µ σ , is:

 f t

t

t
( ; , )

( )

.µ σ

µ
σ

σ π
=

−
−













exp

ln1

2

2

2

 (3)

as discussed in section 3.1.1, place conditional arcs modify the firing 
delay of their transition. to do so, a factor P is calculated, such that:

 P WN

i

i i
= +∑1 , (4)

where Wi and Ni are respectively the weight of the ith place conditional 
arc and the number of tokens on the corresponding place. this value is 
used to scale a parameter from the distribution of the transition (a, u, c, 
η, or μ, depending on type) such as to produce a modification of the 
resulting firing delay in inverse proportion to P. the purpose of this is to 
permit arbitrary specification of time to fire alteration in relation to the 
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token markings of any number of places. Unlike other arc types, a place 
conditional arc does not require that its weight be an integer.

3.1.3.  Petri net integration
the Petri net modelling presented in this work is implemented with the 
in-house software, Macchiato (Wootton et  al., 2022), developed at the 
University of Nottingham.

Monte carlo simulation (Metropolis & Ulam 1949) is used to perform 
computational experiments of potential life histories of the system mod-
elled, randomly sampling transition firing delays in accordance with their 
parameters, as discussed in section 3.1.2. the simulation proceeds in steps 
where each step fires one transition. at each step, Macchiato assesses 
which transitions are enabled and schedules a time to fire to transitions 
that were not enabled for the previous step. the enabling conditions of 
a transition must continue to be met on every step prior to its firing, 
otherwise, it will become unenabled and its scheduled firing time will be 
discarded. When a transition fires, the scheduled firing time of other 
transitions is not altered unless the consequent change in tokens disrupts 
their requisite enabling marking. in the case that multiple transitions are 
scheduled to fire at the same time, the conflict is resolved by first giving 
priority to instant transitions, and then choosing a transition at random 
if a scheduling conflict still remains.

each simulation continues until a terminal state is reached, indicated 
by the places given black fill. Many simulations are performed, in batch 
sizes chosen to check convergence, such that statistical analysis may eval-
uate the system performance. these statistics provide predictions of system 
performance metrics, such as the time spent in a particular state, or the 
probability of specified events, and the Petri net model is deliberately 
structured as to be conducive to this end.

3.2.  Bond graphs

3.2.1.  Overview
Bond graphs are a general modelling methodology for the movement of 
energy through a system, such as to allow the representation of multiple 
energy domains (e.g., electrical, mechanical, thermal) as part of a single 
cohesive model. this is achieved using the concept of the dynamical 
analogy, which recognises the common features found in the equations 
that describe the behaviour of many otherwise-unrelated physical phe-
nomena. For example, the act of storing electrical energy by using a 
potential difference to push charge into a capacitor is akin to the act of 
using force to store potential energy in a spring as described by hooke’s 
law. the bond graph methodology uses two generalised concepts as its 
basis for describing physical system dynamics. these are effort, which is 
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analogous to electrical potential difference, mechanical force, hydraulic 
pressure, etc., and flow which is analogous to electric current, translational 
or angular velocity, volumetric transfer rate, etc. the efforts and flows for 
a bond graph are denoted 



e and 


f  respectively. the pathways for the 
transfer of energy throughout the system are called bonds, drawn as , 
with positive directionality marked by the half-arrowhead. each bond has 
its own local value of effort and flow, such that for N bonds,

 




e e e e e f f f f f
N N

= …[ ] = …[ ]1 2 3 1 2 3
, , , , , , , , .and  (5)

each bond much have exactly one element connected to its beginning 
point and to its end point. elements are categorised by their number of 
ports, with the total number of ports being the number of connections 
to bonds that the element can take. three single-port elements represent 
instances of generalised concepts in the system. the resistor element, 
symbolised as R, represents resistance, acting to dissipate energy in a 
manor analogous to an electrical resistor or friction in a mechanical 
system. the capacitor element, symbolised as C, represents compliance, 
storing energy as would an electrical capacitor or a spring. the inductor 
element, symbolised as I, represents inertance, which is equivalent to 
momentum in a mechanical system or the behaviour of coiled wire in 
an electric circuit. Resistor, capacitor, and inductor elements can only link 
to an input bond, never an output. each of these elements is parame-
terised by a single value, denoted R, C, and I, in accordance with its type, 
and each has associated governing equations which act on the effort 
and force (e and f) of the bond connecting to the element, such that for 
a resistor,

 e Rf= , (6)

for a capacitor,

 e
q

C
f q= =and ,ɺ  (7)

and for an inductor,

 f
p

I
e p= =and ɺ . (8)

the variables p and q are referred to as integrated effort and integrated 
flow and are equivalent to the time-integrated counterparts of effort and 
flow respectively, i.e. magnetic flux or mechanical impulse for the former 
and charge transfer or displacement for the latter.

there are two more single-port elements, these being the source/sink 
of effort and the source/sink of flow, symbolised as Se and Sf respectively. 
such an element is referred to as a source when its bond is directed away 
from it and as a sink when the bond is directed into it. the purpose of 
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sources/sinks is to apply some value of effort or flow to their bond as an 
input to the system, constant or otherwise. For example, in a hydraulic 
system, the rate at which fluid is pumped into a system would be a source 
of flow and a drain where fluid leaves the system in accordance to its 
pressure would be a sink of effort.

the two-port elements come in two forms known as the transformer 
and the gyrator, which are symbolised by TR and GY respectively. as 
illustrated in Figure 4, both must have one input bond and one output 
bond. the transformer represents behaviour analogous to an electrical 
transformer or a mechanical lever, applying a scale factor, k

TR
, to the flow 

variables and its reciprocal to the effort variables, such that the relationship 
between the in and out bonds is given by,

 f k f e
e

k
in TR out in

out

TR

and= = . (9)

the gyrator is typically used to perform conversions between energy 
domains, such as a motor producing kinetic energy from electricity, or a 
turbine, which does the inverse. it governs the relationship between the 
input and output bond in terms of the parameter, k

GY
, which sets the 

effort of the latter by the flow of the former and the flow of the latter 
by the effort of the former, such that,

 e k f f
e

k
out GY in out

in

GY

and= = . (10)

the multi-port elements, known as junctions, split flow or effort, with 
these roles fulfilled by the 0-junction and 1-junction respectively. the 
0-junction, symbolised by 0, rules that all its input and output efforts are 
equal in value and that the sum of its input flows must equal its output 
flows. For instance, a 0-junction with input bonds A and B and output 
bonds C and D would be governed by,

 
e e e e

f f f f

A B C D

A B C D

= = =

+ = +
and

,
 (11)

Figure 4. the two-port bond graph elements, corresponding to equations (9) and (10).
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with this configuration illustrated in Figure 5(a). the 1-junction, symbolised 
by 1, establishes the reverse conditions, such that for the same configu-
ration of bonds, see Figure 5(b), a 1-junction would be governed by,

 
f f f f

e e e e

A B C D

A B C D

� � �

� � �
and

.
 (12)

From equations (11) and (12) is evident that either multi-port junction 
with one input and one output bond would be trivial, i.e. equivalent to a 
single continuous bond, whereas a multi-port junction with two input or 
two output bonds would effectively be equivalent to a transformer element 
with k

TR
= −1. similarly, two junctions of the same type linked directly by 

a bond would functionally act as a single instance of that element.
the act of solving a bond graph is aided by the concept of causality, 

which determines the dependence or independence of each variable of state. 
causality is an indication of the side of a bond that experiences the instan-
taneous effort and which experiences instantaneous flow. these are never 
the same, and of the two, the latter is marked with a perpendicular line on 
the bond, as illustrated in Figure 6. as a consequence of this convention, 
sources and sinks of flow must necessarily link to the causal end of a bond, 
and likewise, the reverse is true for sources and sinks of effort. inductors are 
causal with respect to flow and therefore always connect to the causal end 
of their bond, while capacitors are causal with respect to effort and therefore 
never do. transformers require that one bond be causal and the other be 
non-causal, and gyrators require that their bonds be either both causal or 
both non-casual. it follows from equations 11 and 12, that 0- and 1-junctions 

Figure 5. the two multi-port bond graph elements in the configurations described 
by equations (11) and (12).

Figure 6. the marking of causal relations on bonds.
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require exactly one causal bond and exactly one non-causal bond respectively, 
with the remaining bonds being otherwise. Resistors can take either relation-
ship, with their causality determined to fit with their surrounding elements. 
however, contradictions in causality can arise. Under such circumstances, it 
is permissible to reverse the causality of the bond to a capacitor or inductor 
to resolve the conflict. conventionally, the bond is marked with the symbol, 
⊻, to indicate where this has occurred. When a bond graph model is complete 
and causality is established, simulation of the system may be performed. this 
is done via the numerical time integration of all the governing equations of 
the elements of the bond graph, taking reference of the mutual dependencies 
created by the bonds and their causal orientations.

in Figure 7 it is illustrated how two physically different systems, in this 
case (a) a mass suspended by a spring and a damper and (b) an electrical 
circuit, can result in the same bond graph structure and produce analogous 
behaviour. Representation of these systems in bond graph form is seen 
in (c), with the spring and capacitor being the C element, the damper 
and the resistor being the R element, and the mass and the inductor 
being the I element. the force of gravity and the potential difference from 
the battery are represented by the source of effort, Se. as the components 
are physically bonded in the mechanical case, and in series in the electrical 
case, the flow, i.e. the velocity and the current respectively, must be equal 
throughout the system. therefore a 1-junction must be used. With the 
mass and the capacitor initially at rest and uncharged respectively, the 
resulting evolution of the systems is visible in (d). the results are entirely 
agnostic regarding their applicability to the mechanical or electrical sys-
tems, with the only requirement being to substitute the appropriate units. 
it is seen that the flow oscillates around zero with ever-decreasing ampli-
tude, with the integrated flow tending to a value greater than its initial 
value, which is to say that the mass settles at a position hanging below 
its starting point, and that the capacitor accumulates some charge. the 
transfer between potential and kinetic or electrical energy is implicitly 
seen in the anti-correlated oscillations of the effort values.

3.2.2.  Thermal Pseudo-bond graphs
the power flowing across a bond is the product of the effort and flow, 
and traditionally is formally required to have this dimensionality, i.e. energy 

transfer per unit time, such that for a system with energy transfer rate, 
i

E ,

 
 ɺ ɺ ɺ ɺɺ
E E E E E

e f e f e f e f

N

N N

= … 
= …[ ]

1 2 3

1 1 2 2 3 3

, , , ,

, , , , .

 (13)

however, it is most convenient to represent the thermal domain in 
such terms that effort is defined as temperature and flow is defined as 
enthalpy change per unit time, which does not conform to this 
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requirement. although this has no practical impact on the execution of 
the models, it does therefore mean that they are correctly referred to as 
pseudo-bond graphs (Karnopp 1978).

in a thermal pseudo-bond graph, heat is introduced to the system via 
a source of flow and is allowed to flow out into a sink of effort. the 
temperature of a specific object in the system is modelled with a capacitor 
element, whose value is determined by the mass and specific heat capacity 
of the object. the rate of heat transfer between two objects in thermal 
contact is modelled by a resistor element, whose value is calculated from 
the combined effects of the relevant heat transfer modes (conduction, 
convection, etc.). alternatively, a separate resistor element can be used 

Figure 7. in (a) and (b) two damped oscillator systems are found, implemented in 
mechanical and electrical form respectively, with parameters chosen to so as to give 
directly analogous results. the same structure is produced when these systems are 
represented as bond graphs, as seen in (c). the mechanical system is defined such 
that the spring is neither stretched nor compressed at the beginning of the simu-
lation and displacement of the mass is given relative to its initial position, with 
downwards taken as positive for the sake of convenience. the mass is initially at 
rest and the capacitor has no initial charge. With the appropriate substitution of 
units, the resulting evolution of the model, shown in (d), is applicable to either 
system.
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for each mode. an example bond graph representation of two objects in 
thermal contact is given in Figure 8.

3.2.3.  Implementation
the bond graph in this work was constructed in the Modelica language 
(Fritzson & engelson, 1998), using the Bondlib package (cellier & Nebot, 
2005). the model was then exported as a Functional Mock-Up Unit (FMU)2. 
the PyFMi package3 andersson et  al., 2016 provided the means to read 
the FMU and the Python interface used to integrate it with the Petri net 
developed in Macchiato.

3.3.  Hybridisation

to produce a hybrid Petri net-bond graph requires an interface to manage 
the transfer of information in both directions. it must be possible to vary 
the inputs to the bond graph, for example those values that correspond 
to the operational state parameters such as coolant throughput or reactor 
thermal energy production. the state of these inputs is calculated by 
reading the marking of the Petri net to determine the status of the com-
ponents relevant to these values. similarly, the state of bond graph must 
be monitored such that if simulated values exceed specified limits, inter-
vention can be taken in the form of changes to the Petri net marking. 
For example, if fuel rod temperatures exceed acceptable levels in the bond 
graph, the interface can initiate the shutdown process in the Petri net 
model by adding a token to a relevant place. as the state of components 
then evolve as part of reactor shutdown, the bond graph in turn will 
receive updated input values to reflect the new information seen by the 
interface.

a system is considered coherent if the linkage of component failures 
can be achieved by the use of Boolean OR and AND logic (Brînzei & aubry 
2018). however, this can only be said to apply in an idealised case, ignoring 
that fault propagation in a real system is dependant on the correct func-
tion of items such as pipes and wires to contribute to specific failure 
modes. this is implicitly true of the propagation of faults through the 
Petri net and additionally so with regards to the communication through 

Figure 8. Pseudo-bond graph representing two objects in thermal contact. the 
0-junctions are added to demonstrate how the objects would connect to the rest 
of a larger system.
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the hybridisation interface, with the input parameters fed to the bond 
graph being at times a function of the state of both working and failed 
components.

4.  Hybrid model

4.1.  Petri net

the Petri net component of the model with its initial token marking is 
illustrated in Figure 9, with the transition parameters given in table 1. the 
part of the Petri net used to model different functions are each indicated 
using a different colour. the parts of the system highlighted are: the 
circulation of primary coolant, shutdown condensation, emergency coolant 
injection, reactor shutdown systems, and the conditions for simulation 
termination. With regards to the terminal states, if either shutdown con-
densation or core submersion occurs and one of the two shutdown sys-
tems completes successfully, a safe shutdown of the reactor is achieved, 
with a token arriving at Psafe. One of three safe terminal states is 
then chosen:

• PscheduledMaintenance, if the reactor reaches shutdown after its 
normal shutdown period

• PearlyMaintenance, if the reactor was deliberately shut down for 
maintenance or repair prior to the end of the scheduled operating 
period

• PUnplannedshutdown, if the reactor was shut down as a result of 
spurious sDs-2 activation (the Petri net is configured such that this 
outcome will result regardless of whether the scheduled shutdown 
period has been reached or not, so an operator may give consider-
ation to the clean-up cost associated with boric acid injection)

if the reactor enters a state where it cannot safely shut down through 
the use of its own systems, a token is instead added to PUnsafe, recording 
that outside intervention would then be necessary to avert catastrophe.

throughout the model, the progressive increase in likelihood of a valve 
failing to open or close on demand is achieved by a place conditional 
relationship from PVa to all relevant transitions, which receives an addi-
tional token from tVa1 at the end of each year.

in the primary coolant section of the Petri net, there are structures to 
represent the failure of the components of each of the steam circuits. as 
the failure any one of those components will disable its entire circuit, its 
status is recorded at Pccb[1–4]. When a steam circuit component fails, a 
token is added to Pcca[1–4], causing tcP[1–4] to remove the initial token 
from Pccb[1–4] and add one to PccN. the first token to arrive at PccN 
will enable tMss1, setting the six month maintenance shutdown 
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countdown, and the arrival of a second token will enable tMss2, thus 
placing a call for reactor shutdown immediately instead; the firing of either 
transition adds a token to PtiVD0. in the case of a third steam circuit 
being lost during the shutdown condensation process, tccF records the 
occurrence of of a primary coolant fault at PcFe, which in turn places a 
call for emergency coolant injection. Failure of either the inlet and outlet 
headers or the coolant channels, tih1 and tRcc1 respectively, places an 
immediate call for both shutdown and emergency injection, whereas a 

Figure 9. the Petri net used to model the operational states and component failures 
of the reactor system. its sections are coloured to mark their function: blue – primary 
coolant circulation, green – shutdown condensation, yellow – emergency coolant 
injection, red – reactor shutdown systems (shutdown rods and boric acid moderator 
injection), wherein the dark section is repeated 40 times in parallel, and black – 
terminal reactor states. these sections (excluding the terminal states) can be found 
in separated form in the appendix, see figures a.1 to a.4, and a detailed explanation 
of the structure and function of the model is given in section 4.1. the firing delay 
type for each of the timed transitions and the corresponding parameters are found 
in table 1.
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failure of a section of the pipe to the turbine, the turbine itself, or the 
main condenser only actions the former. this is because the latter group 
of components sits beyond the turbine isolation valves, meaning that in 
the event of a fault it can be physically separated from the core. the 
process to close the turbine isolation valves begins when ttiV0 fires as a 
result of a token reaching PtiVD0 (or if a valve closes spuriously, see 
ttiVa[1–2]). if the first valve closes successfully, see ttiVa1, this is sufficient, 
but if it fails to shut, or fails open once shut (see ttiVba1 and ttiVFOF1), 
the second valve is required. if it too fails, a call is made for emergency 
coolant injection.

the three feed pumps, two which are required to be online to return 
coolant from the main condenser, can fail either mechanically or electrically 
while in use, see tFPMF[1–3] and tFReF[1–3], and their repair is performed 
by the firing of tFPMFR[1–3] and tFPeFR[1–3] respectively, after which, 
the repaired pump ready to be brought online to replace one of the 
others as needed. the readiness of each a pump is recorded by a token 
at PFsB[1–3], such that tFPBat[1–3] fires if a pump activation demand 
arises via the addition of a token at PFPD. When attempting to bring a 
pump online, it can be either successfully activated, tFPa[1–3], or fail on 
demand, tFPaF[1–3]. in the latter case, tFPFtsR[1–3] represents the repair 
process that must be performed before another attempt can be made. 
the routine maintenance of a pump is queued when tFPRQ[1–3] fires 
(these three transitions are offset such as to be spread evenly over the 
maintenance period), placing a demand for one of the pumps to replace 
it. if a replacement is successfully brought online, a token is placed at 
PFPDa, allowing tFPRW1 to fire, thereby taking the pump to be maintained 
offline. Otherwise, the pump continues to operate until its replacement 
is ready. after maintenance work is complete, represented by tFPRc[1–3], 
the pump is then available to replace another when required. tFPFl[1–3] 
and tFPWK[1–3][a–b] track the number of failed feed pumps, respectively 
adding and subtracting tokens from PFFP. if the tally of failures reaches 
two, tFPcF fires to mark the failure of the feed pump system and thus 
the emergence of a primary coolant fault.

the shutdown condensation commences operation when tsc0[a–b] 
fires, following the closure of one of the isolation valves as recorded by 
PtiVc[1–2]. the successful opening and failure of the aOVs are represented 
by tscaOVOa[a–b][1–4] and tscaOVF[a–b][1–4], after which tscPss[1–4]
[i–ii] and tsccal[1–4][i–ii] respectively model the occurrence of rupture 
and calcification of each pipe connecting to the steam separator circuits.

the arrival of a token at PcFe prompts the commencement of emer-
gency core coolant injection via the firing of tecc, which takes the initial 
token from Pecc0 to signify that the process as begun (as emergency 
injection can occur only once while the reactor is running). the first phase 
is high pressure injection via the pressure accumulators. the successful 
activation of each pressure accumulator is modelled by tPaO[1–4] and its 
failure on demand by tPaMFa[1–4], or by tPaMFb[1–4] in the case that 
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the accumulator has already spuriously fired, see tPaFO[1–4]. spurious 
firings are tallied at PPaMR and the transitions tPaM1 and tPaM2 fire 
after six months and immediately, following one and two such failures 
respectively. Once operational, the coolant from the pressure accumulator 
must pass through an aOV and a rupture disc in sequence, the successful 
opening of which is modelled by tPaaOVO[1–4] and tPaRDO[a–b][1–4] 
respectively, and recorded by the arrival of two tokens at PPasa. the 
failure of the two valves occur with the firing of tPaaONF[1–4] and 
tPaRDF[1–4], and are recorded at PPasFt. the partial opening of the 
rupture disc when tPaRDP[1–4] fires, causes only half of the pressure 
accumulators contribution to be made available, delivering one token to 
PPasa and PPasFt each. Five tokens reaching PPasFt signifies the imme-
diate failure of high pressure injection. Otherwise, tPasa fires after two 
and a half hours, during which period, the connecting pipe must stay 
intact. if it fails, the contribution of its accumulator is transferred from 
PPasa to PPasFt by tPaPR[a–b][1–2].

after the completion of the high pressure injection phase, low pressure 
injection begins from the gravity driven overhead pool, marked by the 
arrival of a token at PGDWP0. this coolant must pass through a non-return 
valve followed by a rupture disc, the successful opening of which is respec-
tively modelled by tlPNRO1 and tlPRDO[a–b]1. the firing of tlPNRF1 and 
tlPRDF1 represent their respective failures, while tlPRDP1 represents the 
partial opening of the rupture disc. the complete failure of either valve 
or the unavailability of coolant from the overhead pool results in the 
failure of low pressure injection, respectively modelled by tlPF and 
tlPOhP. the successful completion of low presure injection, and thus 
submersion of the core, is marked by the arrival of a token at PlPc, either 
with the firing of tlPO1 after 72 hours if the rupture disc is fully open, 
or with the firing of tlPP1 after 144 hours if partially open.

the reactor shutdown systems stand idle until a demand is placed, 
represented by the addition of a token at PsDsD. the first of these, sDs-1, 
cuts reactivity via 40 shutdown rods. each rod must respond to the acti-
vation signal, correctly de-latch, and insert into the core, with the success 
and failure of these processes represented by tRPss[1–40], tRDls[1–40], 
and tRis[1–40], and tRPsF[1–40], tRDlFa[1–40], and tRiF[1–40], respec-
tively. the de-latching process relies on an actuator, which can fail prior 
to use, see tRactF[1–40]. if is this is not repaired before demand, see 
tRactR[1–40], its rod is not available. this is marked by a token at 
PRactF[1–40], the presence of which blocks the firing of tRDls[1–40], 
causing tRDlFb[1–40] to fire instead. the number of successful insertions 
is recorded at PNRit and failures at PNRFt. Providing at least 38 of the 
40 rods enter the core, reactivity is sufficiently quelled to achieve shut-
down. however, if three or more rods fail, a subcritical state cannot be 
achieved, necessitating that a demand be placed for the neutron poison 
injection system, sDs-2.
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Before use of sDs-2, the supplies of helium and boric acid must have 
remained intact. if ether are compromised, as represented by thesF1 and 
tBtl1 respectively, then it is necessary to perform an early reactor shut-
down, as marked by the arrival of a token at PsDs2Ms. an instance of 
spurious activation of the helium release mechanism, see theRMsO1, or 
spurious opening of any one of the three values releasing the boric acid, 
see tBPVsO1, tBRtVsO1, and tBMRVsO1, causes an unplanned shutdown 
by introducing undesired neutron poison to the core, marked by a token 
at PsDs2Us. Otherwise, if all components of sDs-2 are ready for use, when 
a demand arrives the helium release mechanism either activates success-
fully or fails, respectively represented by theRMs1 and theRMF1. in the 
latter case, the next step is to open any one of the three valves capable 
of enabling flow of the boric acid poison. these are the pressure valve, 
the reactor trip valve, and the manual release valve, and sDs-2 attempts 
to open them in that order, represented by tBPVO1, tBRtVO1, and 
tBMRVO1, respectively, with the failure of each being given by tBPVF1, 
tBRtVF1, and tBMRVF1. if either the helium release mechanism or all 
three of the aforementioned valves fail, a token is placed on PsDs2F, 
marking the failure of sDs-2 and thus a complete failure to achieve reactor 
shutdown. Otherwise, successful completion of sDs-2 is marked by the 
addition of a token at PsDs2c.

4.2.  Bond graph

4.2.1.  Structure and parameters
a bond graph model is used to simulate the temperature of critical core 
components, which aims to be adequately detailed for the demonstration, 
rather than providing a comprehensive simulation of reactor thermody-
namics or neutronics. specifically, the transfer of heat within a single 
coolant channel is considered. Within each channel, there are twelve clus-
ters of 50 uranium dioxide fuel pins, cladded with Zircaloy-2. thus, heat 
produced by the fuel is conducted through the cladding, into the coolant, 
which advectively carries thermal energy along the length of the channel 
and out of the core, as illustrated in Figure 10. each fuel cluster is also 
modelled in two parts lengthways, requiring the inclusion of longitudinal 
conduction. therefore, in total, the bond graph model requires a total of 
72 thermal capacitor elements, 72 resistor elements, of which, 48 to control 
temperature flow between fuel, cladding, and coolant, and 24 for longi-
tudinal flow, and 24 transformer elements modelling the transfer of thermal 
energy by the motion of coolant. the model contains 25 flow source 
elements, with 24 providing the heat produced by the reactor and one 
to provide the initial thermal energy of the coolant as it enters, with a 
sink of effort at the end of the sequence removing the thermal energy 
leaving the channel in departing fluid. Figure 11 illustrates the repeated 
structure of the bond graph model.
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each fuel pin is 0.25 m long with a diameter of 4.5 × 10–3 m, covered in 
a 5 × 10–4 m thick layer of cladding. the total surface area contact between 
fuel and cladding for a cluster of 50 pins is therefore 0.354 m2, and 0.392 m2 
between the cladding and the surrounding coolant. the combined cross- 
sectional area of the fuel pins is 3.18 × 10–3 m2 and 7.46 × 10–4 m2 for the 
cladding layer, and their total volumes are 7.96 × 10–4 m3 and 1.87 × 10–4 
m3 respectively. enveloping the clusters is a 0.1 m layer of coolant with a 
volume of 0.392 m3 per cluster. Given 450 rods, 4.44 kg⋅s–1 passes through 
each individual channel, and with each having 12 fuel clusters, the thermal 
power contribution of a single cluster is 1.70 × 105 W. Given the aforemen-
tioned decay heat profile during shutdown, the flow value of a reactor 
power source element in the bond graph, ɺE

fuel
, is given by

 ɺ
ɺ

ɺ
E

E t t

e E t tt tfuel
full SI

full SI

for

forSI
=

<

≥






−[ ]( )0 06.

,
λ  (14)

where ɺE
full

 is its output at full normal operation, t
SI
 is the time at which 

shutdown is initiated, and λ is a decay constant equal to ( ( ) / )ln 4 3600  s−1. 
the coolant also brings thermal energy into the core in proportion to its 

Figure 10. Heat flow mechanisms between the fuel rod and the fluid in the core 
coolant channels. not to scale.
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initial temperature, T
in

, and the incoming mass flow rate, ɺm, such that its 
power contribution, ɺE

cool
, for a fluid of specific heat capacity, cp, is

 ɺ ɺE c T m
pcool in

= . (15)

three material properties key to parameterising the bond graph model 
are thermal conductivity, specific heat capacity, and density, and these 
are given for the fuel, cladding, and coolant in table 2. the value for a 
given capacitance element in the bond graph is given by C, such that,

 C Vc
p

= ρ , (16)

Figure 11. Pseudo-bond graph to model heat transfer in a nuclear reactor core from 
fuel pin clusters in a fuel rod to coolant fluid, separated by a layer of cladding. a fuel 
rod is comprised of twelve sets of 50 clusters, with each modelled in two sections, 
labelled a and b, with longitudinal conduction. note that the coolant heat sources 
and sink elements only connect to the first and last sections respectively, and inter-
mediate sections’ transformer elements attach to their successive neighbour. this bond 
graph represents the thermal transfer process shown schematically in figure 10. each 
of the twelve units corresponds to one of the fuel pin clusters arranged in series along 
the length of a rod. the parameters for this model are given in table 3.
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where V is its volume, and ρ and cp are the density and specific heat 
capacity of the material. For conduction between two capacitors in contact, 
the resistor element value, R

con
, is given by

 R
A

x

k

x

k
con

= +










1 1

1

2

2

∆ ∆
, (17)

where A is the surface area of contact, ∆x
1
 and ∆x

2
 are the lengths of the 

object along the axis of heat flow, and k1 and k2 are their thermal con-
ductivities (holman 1990). the resistance contribution from convection 
where the cladding and coolant are in contact, R

cnv
, is

 R
h A
c

cnv
,=

1
 (18)

where hc is the convection heat transfer coefficient (holman 1990), with 
value 5 × 104 W⋅(m 2 ⋅ K)–1 for forced convection of water in a pipe (Whitelaw 
2011). the overall value of the resistor element connecting coolant and 
cladding, RΣ, is therefore

 R R RΣ = +( )− − −

con cnv

1 1
1

. (19)

the transfer rate of thermal energy by coolant advection, ɺE
adv

, is given by,

 ɺ ɺE c T m
padv cool

,=  (20)

where T
cool

 is temperature of coolant upstream from the relevant transformer element. 
Recalling that the fuel clusters are modelled in two parts, the resulting values for 
the elements of the bond graph model are given in table 3.

4.2.2.  Test cases
to gain an understanding of the temperatures produced by the bond 
graph under controlled conditions representing different reactor states, 

Table 2. Material properties of the fuel, cladding, and coolant used in the case study 
reactor
Material Conductivity [W⋅(m⋅K)–1] Specific  Heat  Capacity [J⋅(kg⋅K)–1]

fuel (UO2) 3 (Popov, Carbajo, ivanov,  & yonder,  2000) 309 (Popov et  al.,  2000)
Cladding (Zr-2) 14.2 (Whitmarsh,  1962) 347 (Whitmarsh,  1962)
Coolant (H2O) 0.68 (incropera & de Witt,  1990) 4180 (energy & light,  2008)

Material density [kg⋅m–3] Melting Point [K]

fuel (UO2) 11000 (Popov et  al.,  2000) 3140 (PubChem,  2020)
Cladding (Zr-2) 6750 (Whitmarsh,  1962) 2120 (Whitmarsh,  1962)
Coolant (H2O) 550a (Sinha & Kakodkar,  2006) 273
aSteam/liquid mix.



saFety aND ReliaBility 163

a few simple test cases are presented. First the temperatures reached in 
normal operation where considered. in Figures 12–14, initial temperatures 
are set at 300 K for all components and the system is allowed to run until 
a steady state is reached, in this case 10 minutes. From the beginning to 
end of the channel, temperatures range from 535 K to 587 K, for the 
coolant, 543 K to 596 K for the cladding, and 1283 K to 1336 K for the fuel. 
in Figure 15, the temperatures reached at full reactor power by the clad-
ding and fuel across a range of coolant flow rate reductions are found. 
as the first and last sections of the bond graph have the minimum and 
maximum temperatures respectively, for the sake of visual clarity only 
sections 1a and 12b are plotted. For small losses of coolant, temperatures 
remain relatively stable for both the first and last section, but in the 
latter case, it is seen that temperatures escalate rapidly for extreme losses 
of coolant. Between a 90% to 100% loss of coolant, both fuel and clad-
ding reach their melting points (3138 K (Pubchem 2020) and 2122 K 
(Whitmarsh 1962) respectively). the UsNRc stipulates a legal temperature 
limit of 1477 K for the cladding of reactors with Zr-2/UO2 fuel rods (United 
states Nuclear Regulatory commission 2021), as Zr-2 is prone to exother-
mic chemical reactions at temperatures of this magnitude (terrani et  al., 
2014), and this threshold is breached at a loss of coolant between 90% 
and 95%.

cladding and fuel temperatures during shutdown condensation are 
shown in Figures 16 and 17. in the former, the reactor shutdown process 
completes normally, but in the latter, it fails, and it is shown that tem-
peratures rapidly exceed acceptable limits. in Figures 18 and 19 the fuel 
and cladding temperatures are shown during emergency coolant injection, 
respectively with and without successful reactor shutdown at the beginning 
of the process. in both scenarios, no remaining coolant flow contribution 
from the normal coolant circulation process or the shutdown condensers 
is included. the examples demonstrate that, providing the reactor is prop-
erly shutdown, the emergency coolant injection process alone is sufficient 

Table 3. Values for the elements of the bond graph found in figure 11
bond Graph element type Value

Reactor Power Contribution Source of flow 8.52 × 104  W a

fuel temperature Capacitor 1.35 × 103  J⋅K–1

longitudinal fuel Conduction Resistor 26.2  K⋅W–1

fuel to Cladding Conduction Resistor 8.69 × 10–3  K⋅W–1

Cladding temperature Capacitor 218  J⋅K–1

longitudinal Cladding Conduction Resistor 23.6  K⋅W–1

Cladding to Coolant Conduction Resistor 1.01 × 10–4  K⋅W–1

Coolant temperature Capacitor 4.50 × 105  J⋅K–1

Coolant Power Contribution Source of flow 9.85 × 106  W
Coolant Heat extracted Sink of effort Outbound Heatb

Coolant advection transformer Coolant Heat Transferredc

a Dependant on reactor status, values given are at full power, see Equation (14).
b Value equal to the temperature of the final coolant capacitor element.
c Dependant on the temperature of coolant in the section and coolant circulation status, see 

Equation (20).
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to cope with decay heat removal. Without shutdown however, tempera-
tures quickly exceed the melting temperatures of the fuel and cladding 
if injection is the only source of coolant flow.

4.3.  Interface

the hybrid model proceeds by taking a single step forward in the Petri 
net, and then running the bond graph simulation until the clocks of the 
two models match, at which point, the temperatures of the fuel and 
cladding elements are inspected to see if they remain within acceptable 
limits. if the cladding exceeds the aforementioned UsNRc limit, a reactor 
shutdown will be requested (if not already in progress), but if its tem-
perature cannot be held below 1500 K, or if the fuel reaches its melting 
point, the simulation will end with core damage deemed to have occurred. 
Otherwise, the hybrid model continues taking steps forward in the Petri 

Figure 12. Coolant temperature during normal operation of the reactor with full 
power and coolant supply.
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net and correspondingly advancing the bond graph until the end of three 
years of reactor operation plus the 40 day shutdown period. the values 
of reactor power and the coolant mass flow rate are updated to match 
the condition of the reactor on the basis of the state of the Petri net at 
the end of the most recent step. Reactor power is set by equation (14), 
with the time of completion of either sDs-1 or sDs-2 in the Petri net 
setting the value of t

SI
. in table 4, coolant flow is given for different modes 

of reactor operation with respect to the full normal rate of supply. Note 
that if injection is ongoing during either normal operation or shutdown 
condensation, its coolant contribution is added to the flow rate of the 
former, rather than replacing it. Breaks in the coolant pathways ways  
will cause reductions in the mass of fluid passing through the coolant 
channels and the full list of effects is given in table 5. the hybrid model 
can terminate in any of the states described in section 4.1 as well as with 
the either the fuel or cladding reaching the maximum permissible 
temperatures.

Figure 13. Cladding temperature during normal operation of the reactor with full 
power and coolant supply.
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5.  Results and discussion

a total 1.5 × 105 iterations of the hybrid model were performed, represent-
ing over 1000 core hours of simulation time, plus a few tens of hours for 
the subsequent file transfers and data processing4. the predicted proba-
bilities of each possible outcome are seen in table 6, and the distribution 
of times at which early maintenance shutdown or unplanned shutdown 
occurred are shown in Figures 20 and 21 respectively, with Figure 22 
giving the probability that the reactor will continue to operate uninter-
rupted for a given duration from start-up until shutdown. Figure 23 dis-
plays the distribution of the minimum coolant mass flow across all 
iterations, and Figures 24 and 25 likewise show the distribution of maxi-
mum temperatures across the cladding and fuel components.

as seen in table 6, a probability less than one in four is predicted for 
reaching the end of the full scheduled operational period, with the most 
likely outcome being early shutdown at a little above 65%. the mean time 

Figure 14. fuel temperature during normal operation of the reactor with full power 
and coolant supply.
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predicted for the latter such cases is about half way through the full 
period. a probability of slightly more than one in ten is found for 
unplanned shutdown from spurious sDs-2 deployment, with this outcome 
having a mean time a little over 40% of the full scheduled period. Overall, 
the reactor is predicted to operate for about 60% of the intended duration 
on average.

inspecting data from the Petri net further, two prominent features stand 
out; Firstly the six month delay from the first steam circuit or pressure 
accumulator fault until early shutdown (providing no other faults of the 
same type) is visible in both Figures 20 and 22, as the probability of 
reactor shutdown increases substantially after this point. secondly, spikes 
in shutdown likelihood are seen periodically, corresponding to the periods 
when one of the feed pumps was being serviced, meaning that no redun-
dancy was available. although these two occurrences are not directly 
relevant to the ‘unplanned shutdown’ outcome, their consequences are 
still visible in Figure 21, with the probability distribution of reactor oper-
ational period being reflected in the former, as the reactor can only expe-
rience spurious shutdown system activation when it is running. in table 7, 
probabilities of faults relevant to these events are found (refer to table 6 

Figure 15. temperatures of the first and last sections of fuel and cladding with full 
reactor thermal power input for various losses of coolant, given with respect to full 
normal flow rate. their melting points (PubChem, 2020; Whitmarsh, 1962) and the 
USnRC legal limit for cladding temperature (United States nuclear Regulatory 
Commission, 2021) are marked for reference.
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Figure 16. temperature of cladding and fuel during the first 25 hours of shutdown 
condensation, with successful reactor shutdown.

Figure 17. temperature of cladding and fuel during the first 10 hours of shutdown 
condensation, without successful reactor shutdown. the temperature axis is truncated 
slightly below the melting point of UO2 as such results would be unphysical.
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Figure 18. temperature of cladding and fuel in the first 10 hours of emergency 
coolant injection, with simultaneous successful reactor shutdown.

Figure 19. temperature of cladding and fuel in the first 10 hours of emergency 
coolant injection, without reactor shutdown. the temperature axis is truncated slightly 
below the melting point of UO2 as such results would be unphysical.



170 M. J. WOOttON et al.

for the probability of unplanned shutdown resulting from spurious sDs-2 
action). consistent with their prominence in the aforementioned figures, 
there is a high probability of two concurrent steam circuit failures and of 
a failure to provide sufficient feed pump capacity. however, more extreme 
events, such as three concurrent steam circuit failures or sufficient disrup-
tion to the supply of coolant to warrant emergency injection are an order 
of magnitude less likely.

Table 4. Coolant contributions for various modes of operation of the nuclear reactor 
coolant system, given as a percentage of full normal operational flow
Mode Mass flow [%]

normal operation 100
Shutdown condensation 0.6
High pressure injection 4.67
low pressure injection 1.40

Table 5. Coolant supply reductions resulting from breaks in the reactor coolant 
system
location of fault effect affected Coolant Sources

turbine supply pipes 50% flow reduction
turbine 50% flow reduction
Condenser 50% flow reduction normal operation
two failed feed pumps 50% flow reduction
three failed feed pumps 99.9% flow reduction

Steam separator circuit 25% flow reduction per circuit
in/outlet headers 25% flow reduction normal operation & 

shutdown condensation
Coolant Channels 25% flow reduction
Shutdown condenser 12.5% flow reduction per condenser

Overhead pool 99.9% flow reduction Shutdown condensation & 
low pressure injection

Pressure accumulator 25% flow reduction per failed 
accumulator

Pressure accumulator 
partial rupture disc opening

12.5% flow reduction per accumulator High pressure injection

Overhead pool partial 
rupture disc opening

50% flow reduction, low pressure 
injection period doubled

low pressure injection

Table 6. Predicted probabilities of outcomes from reactor operation

Outcome Probability [%]
Mean time of 

Occurrence [years]
Percentiles

  10th
[years]
  90th

Scheduled 
Shutdown

23.6 ± 0.2 3.10606 ± 0.00008 3.10951 3.10951

early Shutdown 65.62 ± 0.15 1.492 ± 0.002 0.693 2.529
Unplanned 

Shutdown
10.7 ± 0.2 1.308 ± 0.006 0.330 2.535

Unsafe State <0.0007 N/A
N/A

fuel or Cladding 
Overheat

<0.0007 N/A
N/A

all 1.854 ± 0.002 0.702 3.110
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From Figure 23 it is seen that disruptions to coolant remained manage-
able within the sampled population, and this is reflexed in the distribution 
of temperatures observed in Figures 24 and 25 (Note that the small number 
minimum coolant flow values in the tens of percent on Figure 23 represent 
failure of isolation valve closure). While increases above the nominal values 

Figure 20. Predicted time of early shutdown for maintenance simulated by the 
hybrid Petri net-bond graph. Percentages are given relative to all outcomes.

Figure 21. Predicted time of unplanned shutdown caused by spurious neutron poison 
injection simulated by the hybrid Petri net-bond graph. Percentages are given relative 
to all outcomes.
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are seen, neither the cladding nor the fuel reach temperatures that would 
be considered dangerous, placing the probability of encountering such an 
event during the period from reactor activation to shutdown below 

Figure 22. Probability with respect to time of the reactor system operating unin-
terrupted without encountering a critical failure or the need to shut down for repair 
simulated by the hybrid Petri net-bond graph.

Figure 23. Predicted range of the minimum coolant mass flows simulated by the 
hybrid Petri net-bond graph.
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Figure 24. Predicted range of the maximum cladding temperatures simulated by 
the hybrid Petri net-bond graph.

Figure 25. Predicted range of the maximum fuel temperatures simulated by the 
hybrid Petri net-bond graph.

0.0007%. Given the mean operational duration for all outcomes seen in 
table 6, this implies that dangerous temperatures occur in the cladding or 
fuel at a rate below (3.596 ± 0.004)×10–6 per year of operation.
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6.  Conclusions

in this research, a bond graph approach was developed to model the heat 
transfer process in the interaction between a nuclear reactor fuel rod and 
the fluid in its surrounding coolant channel. the model has been used to 
predict temperatures for the fuel and its cladding during both normal oper-
ation and shutdown condensation, providing that in the latter case proper 
reactor shutdown is achieved. Furthermore, it is shown that adequate heat 
extraction is provided to safely remove post-shutdown decay heat if it were 
to be necessary to rely on the emergency coolant injection system alone.

the results from the combination of the bond graph model with a Petri 
net, demonstrate how the hybrid methodology can be used to translate 
changes in the state of the reactor and faults generated by the Petri net into 
physical changes in the thermodynamics at the core of the reactor. the data 
indicates a low probability of dangerous temperatures arising in the cladding 
or fuel for the case study system. the developed model has the potential to 
simulate differing initial conditions and alternative reactor scenarios which 
feature various other configurations of fuel, cladding, and coolant circulation.

the methodology presented has some limitations which future work 
could conceivably address. For a complex system, construction of the 
model can be extensively time consuming, which impedes rapid turn-
around of safety assessment feedback to design engineers. however, parts 
of this process have the potential to be automated, particularly with 
respect to the Petri net. the degree of communication between the two 
parts of the model could be expanded. For instance, the bond graph 
presented can trigger events in the Petri net, but it would also be helpful 
for the temperatures calculated to be used to adjust the probability of 
component failures where relevant. similarly, a bond graph model could 
additionally be used to simulate coolant pressure for same purpose. the 
simulation process is relatively costly in terms of cPU time expended, but 
this is not an issue with the methodology itself and could be mitigated 
with a bespoke software application.

Notes
 1. The Modelica Association – Modelica Association, www.modelica.org
 2. Functional Mock-up Interface, www.fmi-standard.org

Table 7. Probabilities calculated for the occurrence of events of particular interest 
in the reactor system
event Probability [%]

two Steam Circuit failuresa 7.00 ± 0.07
three Steam Circuit failures 0.155 ± 0.010
inadequate feed Pump Capacity 5.50 ± 0.06
emergency Coolant injection Required 0.336 ± 0.015
aI.e. only two, without a third circuit failing.

http://www.modelica.org
http://www.fmi-standard.org
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 3. modelon-community/Pyramid – GitHub, www.github.com/modelon-community/PyfMi
 4. the computation was performed on three desktop computers, respectively with a four-core 

3.2 Ghz cPU (3.6 Ghz boost) and 16 GB of RaM, a six-core 3.2 Ghz cPU (4.6 Ghz boost) and 
8 GB of RaM, and a 16-core 2.5 Ghz cPU (4.8 Ghz boost) and 32 GB of RaM, all running Python 
3.8.5 (anaconda) with PyFMi 2.8.5 on Ubuntu 20.04.3 lts.
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Appendix 

A.1.  Nomenclature

A.1.1.  Equations

a Duration to fire for a fixed duration Petri net transition
t time
f t( ;…)   Probability density function for time of occurrence of a failure mode (or 

other event) w.r.t. given factors
u Maximum firing time for a uniform distribution Petri net transition
c Firing interval for cyclic Petri net transition
ω Firing offset for cyclic Petri net transition
η Weibull distribution shape parameter
β Weibull distribution scale parameter
μ Mean of the natural logarithm of the firing time of a log-normal Petri net transition
σ  standard deviation of the natural logarithm of the firing time of a log-normal 

Petri net transition
P Modifying factor for a place conditional Petri net arc
Wi Weight of ith place conditional arc
Ni tokens held by place connecting to ith place conditional arc


e Vector representing all effort values found in a bond graph


f  Vector representing all flow values found in a bond graph
e effort value of a bond
f Flow value of a bond
R Value of bond graph resistor element
C Value of bond graph capacitor element
I Value of bond graph inductor element
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p integrated effort
q integrated flow
k
TR

 scale factor of bond graph transformer element
k
GY

 conversion factor of bond graph gyrator element
ɺE Vector representing all energy transfer rates found in a bond graph
ɺE energy transfer rate
λ Decay constant
T temperature
cp specific heat capacity
ɺm Mass transfer rate

ρ Density (mass per unit volume)
V Volume
∆x Distance along axis
k thermal conductivity
hc convection heat transfer coefficient
A surface area of contact

A.1.2.  Petri net model objects

initialisms relating to their function are used to assign labels to places and transi-
tions. Where multiple objects fulfil the same role in duplicated components, they 
are referenced in the text using the common part of their label with the remainder 
written in square brackets, e.g.  laBel[1–4], which would indicate the objects 
laBel1, laBel2, laBel3, and laBel3.
Places Place objects are drawn as circles with labels starting with ‘P’.

General Places with white colouration have no special properties
Terminal Places with black colouration end the simulation when they 

 receive a token.
● initial tokens held by a place are marked as black dots.

Transitions transitions are drawn as squares with labels starting with ‘t’.
Timed White transitions fire after delay once their enabling conditions are 

met in accordance with a given probability distribution.
Instant Grey transitions fire with no delay from when they were enabled.
Voting transitions with a dot-dash border only require that a given thresh-

old of their incoming arcs have their weight met. this threshold is marked 
in black circle on the transition.

Arc  arcs are drawn as lines between places and transitions with a arrowhead or 
circle marking their direction. a number written adjacent to an arc denotes 
its weight. an unadorned arc has weight equal to one.

  standard arc
  test arc pair
  standard arc incoming to voting transition
  inhibit arc
  Place conditional arc



saFety aND ReliaBility 181

A.1.3.  Bond graph symbols

R Resistor element (dissipates energy)
C capacitor element (stores energy)
I inductor element (inertance behaviour)
Se source/sink of effort
Sf source/sink of flow
TR transformer element (applies scale factor)
GY Gyrator element (converts between energy domains)
0 equal effort multi-port junction
1 equal flow multi-port junction

  Bond (arrow head denotes positive directionality)
  Bond with instantaneous flow at start
  Bond with instantaneous flow at end

⊻ causality reversal on bond

A.1.4.  Initialisms, abbreviations, and chemical formulae

USNRC United states Nuclear Regulatory commission
Zr-2 Zircalloy-2
UO2 Uranium Dioxide
AOV air operated valve
SDS-1 shutdown system one (rods)
SDS-2 shutdown system two (boric acid injection)
H3BO3 Boric acid
FMU Functional mock-up unit
H2O light water
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A.2.  Petri net sections

the individual sections of the Petri net model seen in Figure 9 are visible  separately 
in Figures  a.1–a.4.

Figure A.1 Primary coolant circulation section of the Petri net seen in figure 9.
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Figure A.2 Shutdown condensation section of the Petri net seen in figure 9.
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Figure A.3 emergency coolant injection section of the Petri net seen in figure 9.
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Figure A.4 emergency coolant injection section of the Petri net seen in figure 9.
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